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1. Intrcduction,

Thls report deals with some
defined by:

properties of the functions Fk(t,u)

(1,1)

Naturally, the introduction 1s the first of all, the second

ral properties of this class of functions.

It 1s the intention to show that for positive values of t the
zeros of Fk(t,u) are on the lines Re u = n + 3, with n an integer.
The proof of this theorem, however, 1s very difficult for values of
k) 2 and so only the number of zeros in the strip Oé Re u\é 1 1s
given.,

Thls is dealt with the sections three and four,

kK belng a non-negative Integer, and consists of nine sections.
xilving

differential-equation.

The case k = 0 is dealt with 4in the following section, and the
report ends with an asymptotic expansion, connected with the zeros
of F,(t,u),and some numerical values.

Some notatlions are given here:

Im stands for ({ Imaglinary

Re stands for the { real } part of,
m _

stands for the complex conjugate of,
[ ] stands for the 1integer part of.

roperties.

The functlons F, {t,u) are entire functions of the parameter u as
long as Re £t ) 0. The case t = 0 is treated by L.J. Schoenberg (1).

The functions are all periodic and one finds :
Fk(t;u+1)m Fk(tyu) (2,1)
Fk(t,mu) = Fk(t_,U) (2:1)

F,(t,u%) = F_{t,1-u) (2,1)

A8 to consider half the strip

It also appears that one cnlyns

Oé Re u%‘@, m u;}O.



ds.ds

2 [ mi(u+n){sa, 1 +8,+. +SH}
© 1985+

@ nStes Y (2,2)

cube of edgewlength 2 with a (k-1)-dimensional space perpendicular

Lo the principal diagonal of the k-cube in such a way that the

distance between the (k--1 )-dimensional space and the origin is equal

to 6 . One may be acquainted with the properties of ¢ (f):
-k<{0 { k, then W (§)) 0.

outside this interval &{g)= 0.

Further when O<6’ <0’2<k thenw ( >o.) (6' ) andW (-6)=Ww(5).

Using the identity of PoissonnFourier, the relation (2, 2) 1s
transformed into

< p (t,u)= L \/'” f w (5)46

g the k-dimensional

<2

2 ex {ETtinu-- n - }
- 1S f( Q‘)

(2,3)
and gssuning thaet u=ily,i.e. Re'u.= 0, one will find directly Fk (t 1y)>0
and even one can prove that:

There 1is a constant KO> O Independent of y 8o that
Fk(t:iy)> KO’ (2’1}.)

In order to consider the functions on the line Re u = 3 one will
find from (2.2) and (2. 3)assuming that u = 4 + 1 -’%- :

2ka(t,%~+ }E-)wexp(——?-t—) jk_mw(o')dG f exp{ (n-tﬂ%)e-‘;ri(afl-!-‘l ) (A”@}‘%A-})

== Ca"

and K
2 Fk(t S+ <) PG (U’)dG > (-1 )n exp{ _2_%1_{\_ ‘%: (n - 'Q') }

IR N=-é3
K (2,6)
From (2,6) it 1s apparent .that Fk(t u) is real for Re u = % and
every integer k),o




The condition that there
satisflied here: from section 2 one
zeros on three sides

are no zZeros

on the boundary can be
knows already that there are no
gle, and 1t 1is possible to choose

a number & very small so that there is no zero on the side
(1 emti+é O]+ &

, 1 + iamw§m5m) either. Knowing that Fk(t,u)}>0 on three

sides of the rectangle, - so the argument does not change there -,

one can also use the symbol ék arg for the lncrease of the argume
when only moving along the upper side.
Rewriting (1,1-.one willl find.:

}'k 2 o wﬁﬁ(u+n)2

_ )8sinTu " (_4\DK e (% 1)
F (t U.) { T . 2- ( 1) “W 3 (334)

and regarding the loop describe
upperside of the rectangle, it appears that the increase of the
argument of {ii}%}jm} S 1s equal to kT .

In order to determine the increase in argument of the sum of
formula (3.1) one has to define the argument of the terms of this
sum 1n the point u =1 + 1 §m+1+' , and in such a way that these argu-
ments can be fixed between w(k»Q)%-andw(k%E)gu The largest term of
the sum (the one with index n = -1) then has the argument -k TQE .

d by sin W u, u moving along the

Now a large number m, @xists,sa,that for all numbers m) m,

\ar’g { 1 + 1 &0 r%’—"—e—*} 5 <é‘f{: (3,2)

where 5 1s a small positive number.
From (3.2) 1t follows. that also

. e argument of each term is
bounded by (2m+€& - and (2m+2+6+8)T.
Now consider separately the cases:




there 13 one

2. k odd.

N(m-&—'%—)m [m + %1] :

When it has been shown that there is no zero on the line
Im u = g%%i, _

ITn a similar way as for even k, it is possible to deduce:
For odd k and m) M 5 there exists such an & ¢ that there is one
of F,(t,u) on the line Re u = 3, and its imag

, and 1im é = 0.
My > Ca

o inary part i1s

Also:
For even k and m>~mO the number of zeros contained in the
rectangle (0, 1, 1 +1%5 1 %0 is equal to (mt+'%-+~1) when 1t has
been shown first that there is no zero on Im u m.%,

4, The line Re u = 3.

Defining

-

;.9(3)“ > eXp {--(n + %)ETE T - 2T[1(r1 + v%g)s z} ,

m-—-m

one KnNows thatﬂ?(z) is an even entire function of z, and

using those of,%(z) one can transform (2,4%) into:
(2m+1)2

att
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. m
sign as (~1) Og
the theorem for k = 1:

The zeros of Fk(t,u) are represented Dy :

Uy o = (n + &)+ v, 1 (4,3)
in which y_ 1s real.

. remaling positive and from
Sign of F1 (t,% + 1 %) ia g to the si

{432) it follows that

(-1)7, so E<ym< T

L1,
i L
J K- ; B i
r.-;_i_g;"t'l!.‘-i [ . g

Using this for m)me

m+5 _
Y for m»m, and 1im ( = 0.
£ < vl 50 > o

 “’fG) remains positilve, for Q(&TQ: 2 and one
% 2m+1

L I R A . ARREE R AR

will find no more than (m+1) zeros in the rectangl

i g—%l%l) on the line Re\u;= =.

But section 2

cives N(m-§)= m+1
and N (m+ 6) = m++2

1
ct
Y
(D
»
-
53
D
fode
#5

o\< Re u 1 outside the line Re u = 3,
will find directly:

N(m)= m+1
N(m+§)= m+2

when m) m
The gzeros of Fg(t,u) can also be represented by (4,3).

One ¢

an prove, that for large values Qf>\:>'0:

) sinh (>\6') da (4,4)

takes on a negative sign.
The only function which becomes ne

being 2 {0 3.
Splitting up (4,%) into two parts

gatlve 1S/L?(w§m-, the interval
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>\ Co Infinity. Now combining this with (4,2) and con-
e points u = 3, u =} + 1 20
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sidering the sign of F3(t’u) in ¢t
directly the

»

al least m ze

.t there are

one can dednue
the line Re u = =,
There are also at most 2 zeros

ros of FB(t,u)on

v

Similar treatment for other values of k gives the theoren
The zeros of Fk(t,u) in the strip Og:ﬁe;ug<fﬁ are sltunated on the

Moo
axls Re u = 5 with the exception of 2| Sl ve by

o

1
i .
<
“

twos Tthe same 1imaginary part.

5. The product-representation.

For Kk = 1 and 2 and t)>0 1t has been shown in the preceding sec-
tilon that the zeros of Fk(t,u) can be wrltten in the form:

e

11 = . m | . oy ntece
n,m = 0tz 1V n,m integ

so that for large m

T
‘ym = Ym+ }< T
but also ’ym - ym+1r> ST

This means Y .~ 0(m) (551}

i ;}'-.’r'-rl'
3 G L

Fcor values of kj)@ there may be exceptions to this rule, but suppose
the same had been proved, the followlng considerations also hold for
k) 2.
Now only t> 0 is dealt
Write down

the product-representation:
Q(u"t)} ™ (1 4+ L2miu - 21tym) (1+e 2T1iu enrym)
=0 (5:2)

Fk(t,u)m exp

wich Q(u,t) is an entire function of u. Of course it is also a
function of t. According to the theorem of Welerstrasz the product
(5,2) is absolutely convergent, (owlng to (5,1)).

The idea is to determine Q(u) first, Q(u) considered as a function
of u. Taking the logarithmic derivative of equatlon (5,2) one will
ffind:




The two seriles in the right-hand side of this e quation abs
converge for every u, except for the zeros of Fi (t,u),
singularities are annihilated by those of

F&(t,u)
Of course one can restrict onesel
B (t,u)
(5,4)
1. K_even: For every t> O There exists an integer N> O so,that for
:r'1> N : 5
- TN ,

e < 5/2]{ ’ (5: 5)
and a yo> O so. that

N o 4 =

S‘,""g < /k: (5"5)

nwhich £ and ¢ are small positlve numbers.
Assuming that u X + 1 v, O\ x\< 1, one knows that the denomin&tmr
(u+n)k‘ has an argument between (k g— ~ cg) and (g- K +c§) for \yl > Yo

and Inl < N.

Choosing y = % », m belng so large that y> yo,and for that value
of ¥y using:

Il

o

exp{ -T (u-}-n)g%m exp{—n%z—t - T (K'H’l)g - 2 mm 1 X} P

1t 1s apparent that the argument of the exponential does not depend
on n. That means:

and
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In what follows Kn means &a constant independent of x
One will find for y = £> y_ and fixed k:

< Xy,

I kTcotgT u

/o ) 2
y C‘i . ~tT(utn)
== CO Uu-+n T
55: ~tﬂ(u+n)
N=-co (u+n)

in which & and 5 may be glven ertremely small values.,.
The argument of the left quotient of these two sums lies between
k .20 -4 and x.2T+0, so this quotiént is in the neighbourhood of
+1.
From (5,5) 1t follows that

Fr(t,u)

= -2 tmrily + R, (5,6)

with R(K3 for y>v,-.
For x = 0 1t 1is evident that:

k(t “) < K, e Ty (5,7)

The two sums of (5,3) can be dealt with as follows:
Put q = exp (-2wiu) so that |q| is large.
In order to avoid the zeros of Fk(t,u), one chooses &a number r;

1t may be small. Let M,} be that entire number so that

1 exp(?nqu)+q
3 ' f m’q , 1s a minimum.
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By avolding the circles with radius r
one has a ’}] 1) O and for every m 1s now holds:

exp(gﬁym)+q _
u-ﬂm-—-a:'-ﬂm 2/(1?1}

nwhich !T]’l does not depend on g.
The first sum is aiways of the order g

and centre in the zeros,

1. The second 1is split

up into three parts:

> M, -5 M. -+1
&2 1 1 C0
quﬁ = >+ > ™ E?m

—rvo i8 a convergent sum remaining below a constant K5

m M‘l +1 14E -
— LT ¥m " v~ M, -
e P i R R

1
=(M,-2) - — .I

= M, + 3(q).
One can divide the zeros of Fk(ju) in two groups:

1© so, that in every y interval m%3~and w%i- there is only one zero.

Il

in which £ = e 7> 1. o
Also lS(Q)l < K6 (5))

And one has proved:

foryZ}y. and avoiding the neighbourhood of the zeros.
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From (5,3), (5,6) and (5,9) it appears that

!Q‘(U)E < Kg (5,10;

For x = 0, (5,7) holds, but this ralid for x = n.

Describing the contour formed by the lines Y *-sz) and x = + X(Y)
t7) ¥R

Wi X (Y) 1s an natural number larger than
positive number, one can Geduce from (537), (5,10)
expressions of Cauchy for y»>co that all derivatives of Q!

f” n t 0 ;

zero and that Q!'fu) must be a constant. This const
function of t. Knowing that Q(u) is an even functions one now has:

Q(u,t)m Q(t):

function of € only

and Co 2iu-~ ET{y -2T 1u-2'aym

F.(t,u)= P(t) TU (1+e ™) (1+e D (5,11)
K m==0 *

6. Further de termintion of the product-repres

Most of the praeceding chapter also hslds for odd K. One needs wonly

to alter y = %— into y = -2-%%1 the symbol (---1 )nl-c becomes (-1 ) here,

and in a similar way one can deduce
Now use the transformation

% o= (2 sinTCu)®. (6,1)
The zeros of F, (t,u) are now transformed into
Fm =2 e UM e (6,2)

so that }’m> > for every m ,

21 _
and 2 = 0(e v ) (6,3)

2’ m

The expression (5,11) is transfermed 1into

‘expansion >
n=0 | — |
verges in the reglon | AI{*
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7. The recurrence-relotions and the differe

A 2

ntlal eguation.

From (1,1) one can derive by differentiation:

> F (%, u) 211
K s1in 11 _ , > 4
<E P _o(t.u) Ky 2 (7,1}
Now define the two sorts of functions,
! sinTt uy & e-—-t‘!’i‘(ua{-n)g
?k(t’u)m X (= ) j - . k] (7,2)
. =~ (u+n)’
and 5
k &= -t (u+n)
sinm u n ._
cp(towy= (BEEYT 57 () e T (7,3)
N=~ 0 (u+n)
Also Pk(t,u)m Fk(t,u) when k even,

5 (tsu)= F (t,u; when k odd,

sinTtu 9 ’
Q1eaq (Bsu)= cosTmu ¥y (t,u) - =222 EX! Y (tau)s )
2
2C sSin 1T u
- K 7T = gk“‘g(t:u) (7,4}

and g (t,u) also satisfies this recurrence relation.
Considering the fact that the zeros of Fk(t,u) are not due to

the factor (g_li;%lt_}ik one can omit this factor, and defining:
2
o ~tn (U'H"l)
1 ( t,u)m X Z "e"""""""'""""""'"E""" ) (7: D)
p « N=- c" (u+n) )
) e %-,9_ (1) em’cn'(u+n)2 7.6)
(C,u)= 1" = > -] T 75
ka =—c ‘u4n )
one will obtain -f)QE Pk(t’u)m pkme(t,u) (7,7)
and
t .
: et (B)= (e 2 gy (o) (7,8)

C}/k t,u) also satisfies the relations (7,6) and (7,7).
After some calculations one obtalins the differential equation
.
Aucdt

m;pgt 1)
- 2 t{2k-5) — a‘ﬁ"""' +

< K ( € s U )

[‘)’k(t u)+ 47t 2 0°

+ Tt (k-2) (k-1) k(t,u)m 0



8, k = 0.

k = 0 1s very easy:

2 2

— 2
Fo(t)u)m.im emtu(u+n) _ entnu QJ}OO(ZA:)

Nz~ D

with U = it
Zz = Ul .

T'ne zeros of Fo(tyu) are at the same time those on?bO(Z/U)

. 2n4-] .
un’m = ——— é‘:‘tm 1 5 n,m J.ntegers
t > 0
and one gets the product-representation

- Om-+1
Fo(t,u)= £(t) Tl‘o (1 + 2 g™ cos 2T u + g
==

Um+2
)

~ 1T
1f g = e /'t and f(t) dependson t only. Using again the transfor-
mation (6,1) one will find again |

é’m PN q-—(2m+’1) N q2m+'] (8,1)
and
% 2 Z
Fo(t,u)= Go(t,3)=¢  (t) TU (1 - H4) . (8,2)
m=0 5%1

From this last equation it appears that the theorem mentioned at
the end of section 6 also holds for k = 0.

9. k = 1,
It is easy to get more information about the zeros R I of
3
F(t,u) for large values of m,
For, if "+ u = % + 1y, one can write
ST expi-t T{(n+3 2--372& '
. (t,u)= 2 P > (2n-+1 )cos; t(2n+1 )y} +
n=0 (n+3)" + v

- 2y sin} tm(2n+1 )y}} .
The zeros of the equations

(2n+'l )cos{ t‘:I(?:‘n+‘l )y} -2y sin{tﬂ‘(Qn—!-’l }y} = n= 0,1,2, ...

. ‘ (9,1)
will be also zeros of F1(t,u). It is clear, hcwever, that there does
not exist a value of y which simultaneously satisfies this system
of equations. When y is large the solutions of these equations
approach each other, that is to say, only those that correspond
with the solution of tThe equation.(9,1) with n = 0. By substituting
for v the fellowing asymptotic seriles
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C. m (9,2)
ke=mq1 D ’

one will find that the soluticns of different equatlions deviate ~nl.:
in the term of order m""""’3 only, and one will find

Il E '?"""ﬁi‘ * @(n-:5’ (9,3)

with m a large integer.

In order to have some m

.tions about the zeros of
F‘k‘(t,u) , & number of them are computed. The values of t are .l and 7.,
It appears that for these values of t &all zeros of the functions
examlned are on the lines Re u = n + 3.

If un m = n o+ % + 1 )\én s+ the values of /\ are given in the
table below'

= 1 /n

n = 0 0,0756 0,0576
1 00,3852 0, ohoo

-
Il

TC

0 0,31248 0,27742 0 ;24940 0,2265
1 0,97120 0,86136 0, 7725 699t
2 11,7096 1,52060 1,3626
3
!
5

2,5305 2 2706 2, 0432 18l
53,4120 3,098 2,817 2,553
3:648 3 3#0
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